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Abstract

In this paper, we study the invariance of the toric structure for the fiber products

under toric flips. We give some useful criteria and carry it out in the 3-dimensional case.
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1 Introduction

For any two schemes X and Y over a scheme S, the fiber product X xgY exists and is unique
up to isomorphisms. The basic applications of fiber products contain the definition of a fiber of
a morphism and the notion of base extension, which develop all concepts of algebraic geometry
in a relative context. The theory of toric varieties has caught lots of attentions over the past
few decades. Besides its many fruitful applications to algebraic geometry, singularity theory
and combinatorics, it also provides lots of workable examples in algebraic geometry, due to its
highly computability. In particular, it has been used to test some difficult conjectures arising
from algebraic geometry — mostly because that it provides a quite different yet elementary

way (usually combinatorial way) to see many examples and phenomena in algebraic geometry.

It is natural to ask “Is the fiber product of two toric varieties still toric?” Unfortunately,
the answer is “NO”. For example, let o = (e, ea)r+ and ¢’ = (e1, €1 + e9)r+ which associate
two affine toric varieties U, = Spec C[z¢, 2] and U, = Spec C[z1, 2, 247 ~¢¢]. Tt is easy to
see that

Uy xu, Uy = Spec Clu, v, w, w'] /{u — vw, v(w — w'))
and (u — vw,v(w — w')) is not a prime ideal, so U, Xy, U, is not a toric variety.

On Birational Geometry, the Minimal Model Program plays an important role, in which

the key ingredients consist of flips and flops, so it is a good choice to study toric fiber products
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under flips and flops first. In the case of a toric flip:

we observe that the fiber product X = Xy Xx, Xy is a toric variety if and only if (1): X
is irreducible, (2): X is reduced and (3): the graph closure I'; is a toric variety. Indeed, the
identity map of 0¥ — 0" induces the identity map of ¢|r,, ¢ |7y : Tnv — T, 50 Ty Xy Ty C Ty
Since Xy, is irreducible, I'; is also irreducible and thus TNX—TNTN = ff. If X is irreducible

and reduced, then ff = X,eqa = X is a toric variety.

The goal of this paper is to study the statements (1), (2), and (3) separately. For (3), I

give the equivalent statements only involving dual cones.

Theorem 1.1. Let ¥ and Y’ be two different subdivisions of a fan 3y. Let f : Xy --» Xy
be the birational map induced by Xy — Xy, < Xy. If we consider the coarsest common

subdivision ¥ of them, then the following statements are equivalent:
(i)
(i)
)
)

X5 — Xy X Xy is a closed immersion,
X5 — I'y is a closed immersion,
(ili) Xg ~ 17y,

(iv) Ty is a toric variety.

As an application, I give an example whose graph closure is a toric variety (See Theorem
2.2). For (1), I show that X is irreducible for all toric flips.

Theorem 1.2. If we consider the local toric flip

Xy - y Xsv
Xy,
defined by the relation
U = a;v; = byw;,
=0 =0

then X = Xy, x X5 Xsv is irreducible.

As a corollary, I find that the normalization of the fiber product X is X, where Y is the
coarsest common subdivision of ¥ and ¥’ (See Corrollary 3.1). For (2), in the 3-dimensional
case, I reduce the problem to the local case (See Theorem 4.1) and give a numerical criterion
for them. Let Uy be a first affine local chart.
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Theorem 1.3. If g = ged(ap, a1) and a; = ga), then the following statements are equivalent:
(iv) Upo is reduced.

(v) For all 0 <\ < aja), there exists a non-negative integer y < A/aj, such that

{gAh = g - {X — agy}a,
where {n},, denotes the remainder of n divided by m.

vi) There exists a non-negative integer y, < b/a;, such that d/|(b — ajyo), or equivalently,
g ger 'y 0 1 0Y y

{9 —1/ap}a; < b/ag.

This criterion gives us an easy way to construct examples whose fiber products are toric or
not (See Remark 4.1). This paper is organized as follows. In section 2, we study the statement

(3); in section 3, we study the statement (1) and in section 4, we study the statement (2).

2 Graph closures

2.1 Warm-up

Let ¥ be the fan in N and let ¥’ be the subdivision of ¥. The identity map of N induces the
toric morphism ¢ : Xy — Xy. We claim that if 3’ # X, then

X = XE/ XXE XE/

is not irreducible, so it is not a toric variety.

Suppose not, let Z and S be the exceptional locus of Xy and Xy respectively via ¢. We

find that since X is assumed to be irreducible,
Zy = (24 X5 Z)red = Xrea = I X1y T = dez, = Xy

can be regarded as a closed subscheme over S, and thus Z; C Z. Picking 7/ € '\ ¥ with
smallest dimension among '\ ¥ , if 7 € 3 is the smallest cone containing 7/, then V(7') C Z

with the same dimension as Z and V(7) C S. This implies that Z; contains an open subset
TNy XTyry TNy © Z X5 Z,

where Ty () = Hom(7+ N M,C>). Since Tney = Ty s Tv(y-equivariant, g @ Ty Xy,

Tn(y — Tn() has same fiber dimension, and thus
dim Ty X1y, Ty = dim Tiy(rry + dim g Yz) =dimZ +dimg '(z) > dim Z

for any z € Ti(y. But T X Ty Ty € Z1 € Z, which leads to a contradiction.
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2.2 A criterion of graph closures being toric Toric varieties

2.2 A criterion of graph closures being toric

Theorem 2.1. Let ¥ and Y’ be two different subdivisions of a fan ¥y. Let f : Xy --» Xy
be the birational map induced by Xy, — Xy, < Xy. If we consider the coarsest common

subdivision 3 of them, then the following statements are equivalent:

(i) Xg — X5 x Xy is a closed immersion,

)
(i) Xy — ff is a closed immersion,
) Xg =1y,

)

| 17\
.

o)
N, e

and
XE XXEO XE’
Xi U7 > Xz; X XE/
TN > TN XTwn TN.

Since X5 — Xy x Xy is proper which is closed, we have
Xg =Ty — Ty iy T = T,
Note that X5 — Ff is surjective since it is birational and closed. We can get that
X5 — Xy X Xyy is closed immersion <= X5 — ff is closed immersion <— Xg ~ ff.
Moreover, if Ff is a toric variety, then
X5 — ff, ff — Xy, ff — Xy

are birational toric morph1sms We may identify T'y = Xp for some fan ' C N. Then F is
subdivision of ¥ and ¥’, and 3 is subdivision of F,so F = E ie. Xg — T  is an isomorphism.
Hence

X5 ff — Ff is a toric variety.
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2.3 The case of flips Toric varieties

]
Remark 2.1. It is clear that X5 — Xy X Xy is a closed immersion if and only if
(c"NM)+ (" NM)=(cnd)' N M (1)
for all (maximal cone) o, ¢’ contained in some cone of 3.
2.3 The case of flips
Given a relation ; .
Z a;v; = Z bjwj,
i=0 §=0
where a;, b; € N, v;, w; € N = Z"5t! are primitive vectors, and {vy, ..., v, wy, ..., ws_1} form
a Q basis of N ®z Q, the two distinct simplicial subdivisions of (vy, ..., v, wy, ..., ws) define

a local flip f : X5 --+ X5 over Xy, as in[®%) where ¥, ', 3y are defined by their top cones
as follows:

E(r+s+1)={0;=(vo,..., 0, wp,...,Wj,...,ws)4 | 0 <75 <s},
Y(r+s+1)={0,={(vo,. , Vs, UpyWo,...,ws)y | 0 <0 <1},
Yo(r+s+4+1)={7=(vo,..., 00, Wo,...,Ws)1}.

In the special case of r = s = 1, we can prove that ff always is a toric variety.
Theorem 2.2. If ¥ and ¥’ are two simplicial fans in N ®7 R defined by
U = AgVy + a1V = bowo + blwl,

where a;, b; € N, then ff is a toric variety.

Proof: By Theorem 2.1, it suffices to check (1) holds when (o,0”) = (0;,0}) for i,j € {0,1}.
In this case, c N0’ = (v;, w;, u);. Let {i,k} = {0, 1}.

. If 5 =1, then (c No’)Y is generated by rays

\%
7

a; vy — apv;’, wy.

v
Hence
(cno ) NM= (v av, —ap)s "M+ (wy), N M
C(e"NM)+ (o N M)

. If 5 =0, by the linear relation vy = (u — a;v;)/a), and wy; = (u — bywy)/b; we have

(cNa)V\ (6VUo™) = (—v;, —wo, vy, wi, u) = (—v;, —wp, u),
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which is generated by rays

V Vv \ \
Vg, QiU — ApV; , —Wq-

With a similar argument,

(cno)V\(cVUeV)NMC (6" NM)+ (¢ N M).

]

Remark 2.2. Theorem 2.2 may not hold in general for » > 2. For example, consider two

simplicial fans defined by the relation
31}0 + 2U1 + vy = 3U}0 + 2U)1 + Wa,

and two cones o = 0, 0’ = o(,. We find that ¢¥ N M + ¢’V N M has generating set S consisting

of
(2,0,0,0,3)  (0,0,1,0,0)  (0,0,2,0,1) (—1,0,3,0,0)

(—1,1,1,0,0) (0,3,0,2,0) (—2,3,0,0,0) (—1,2,0,0,0)
(0,1,0,0,0)  (1,0,0,1,0)  (0,1,0,0,1)  (1,0,0,1,0)
(0,0,1,—1,2) (0,0,0,—1,0) (0,0,0,—1,1).

Note that (—1,2,0,—1,2) € (6 No’)Y N M but not in Zs¢S. Hence T'; is not a toric variety,

although it is the closure of the torus.

3 Irreducibility of fiber products under toric flips

Theorem 3.1. If we consider the local toric flip

Xy - y X
Xy,
defined by the relation
U = a;v; = byw;,
=0 =0

then X = X5, x X, Xsv is irreducible.

Proof: By symmetry, we only need to prove that U, xy, U, is irreducible where o € X
and o’ € Y are the simplicial cones spanned by f = {vg,..., v, wo,...,ws_1}, and f =

{v1,..., v, wy,...,ws} respectively and og = 0 4+ ¢’. Note that
o' N (B\v) oV N (B \w) Coy =c"no”, Vie{0,1,...,r}, j€{0,1,...,s}.

Let F be the face of oV generated by {o¥ N (8 \ w;)*}iZ5 and F’ be defined similarly.
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Let X be the set of generators of the cone oy N M and let Y, Z C M such that X U Y,
X U Z are the sets of generators of the cones o¥ N M, ¢’V N M respectively. Let I, J, K be the

toric ideals such that
C[X] = C[X]/K, C[xX U Y] =SpecC[X,Y]/I, C[X U Z] = SpecC[X, Z]/J.
Clearly, the fiber product U, XU,y U, is the spectrum of the ring

CIX, Y]/1 @y CIX, 2)/J = CIX Yo 24 .

We claim that
C[X,Y,Z]/\/H_—J ~ClxXuUYU 2,

which is a domain and thus the theorem follows. The claim is equivalent to the statement
that /I + J is the “toric ideal” L of X UY U Z. Since I +J C L and L is a prime ideal,
VI+J C VL = L. For the converse statement, we discuss it through several steps, see
Figure 1.

Step 0. Let z; € Z>oX, y; € Z>0Y and z; € Z>oZ. Assume that there exists a relation
T+ Y1+ 21 = T2+ Y2 + 22. (2)

For simplicity, let X;,Y;, Z; denote the variables corresponding to the vectors x;,vy;,2; € M
respectively. For ¢ = 1, 2, if there exists k; € N such that

X (X2, — XoYaZy) € VI + 1,

then X Y12, — XoYsZy € /1 + J, since

(XiYiZy = XpYoZo) it = 5 ()

k=0

k1+k’2
ki +k
( 1+ 2) (Xaviz, — X2Y222)(lelzﬂk(XngZg)kﬁk?—k

and either k > ky or ky + ko — k > ko holds. Hence, if necessary, we may replace (2) by two

relations

(k1 + 1D)xr +y1 + 210 = (kizy + 22) + Yo + 20, (2.1)
(]{2232 + xl) + U1 + Z1 = (k’g + 1)332 + Yo + Z9. (22)

Of course, the pair (x1, ) can be replaced by any pair in {z1,y1, 21} X {Z2, y2, 22 }. This process

of replacements will occur frequently in the following algorithm of finding such pair (kq, k2).

Step 1. If x1, 29 € o \ (oY N oY), then we take ki, ko € N such that x; + kiizj € o for all
j€{1,2}, ie., z;; == kjx; + z; € Z>oX. The relation (2.1) can be decomposed as

kixy + 21 =21
Tio = k171 + 22

11+ 21+ Y1 = T2+ T2+ Yoo
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The first two relations hold in X U Z, and the last one is the relation in X U ). Hence, the

binomial corresponding to the relation (2.1) is in I + J. A similar argument holds for (2.2).

Step 2. We consider either z; € (do¥ N o)\ {0} or o € (do¥ N o)\ {0}. For such
z; € (0¥ Na’™)\ {0}, we take k; € N such that k;x; = 2 + 2 where 2} € oy \ (00¥ No’) and
zl € F'. Without loss of generality, we assume that x; € (9c¥ Nao’) \ {0}.

If £y # 0, then either zo € (0o¥ Na™) \ {0} or 25 € gy \ (0¥ Nc’Y). For the latter one,
we take ko as in Step 1 and then replace (2) with (2.1)+(2.2) by Step 0, so that we can reduce
it to Step 1.

If yo ¢ F, then we take ks € N such that kyys = ), + v, where y5 € F and 2}, €
oy \ (0™ N ") and replace (2) by (2.1) and (2.2) on the pairs (z1,y2) and (ki,nky) for n € N
as in Step 0. Now we can reduce it to Step 1 for (2.1) and produce the corresponding equations
(2.1.1) and (2.1.2). For (2.2), we can rewrite it (modulo I) as

x4 (n(yh + 25) +y1) + 21 = 22 + n(yy + x5) + y2 + 22.

and replace it by
11+ (y1 +nwy) + 21 = T2 + (Yo + nah) + 2. (3)

When we take n > 0 such that y; + nzf, € Z>oX (for i = 1, 2), it is similarly reduced to Step 1.

By symmetry, the similar argument can be applied for 2z, ¢ F".

In this step, the remaining case is when xy = 0, yo € F, 25 € F’, but this is vacuous.
Otherwise, F'+F' = utN(oNa’)Y is the face of (¢No’)Y, which implies z; € Zsog X N(F+F') =

{0} (=)

Step 3. The remaining job for us is when either x1 = 0 or 5 = 0. Without loss of generality,

we assume that x5 = 0.

If yo & F or zo ¢ F', then we have 21 20 or y; ¢ F or z; ¢ F’, since F' + F’ is the face of
(e No’)V. Use the same decomposition of y; or z; as in Step 2 and reduce it to the case of x;

and o being nonzero.

If yo € F and 25 € F’, then we have 1 =0, y; € F and z; € F’, since F' + F’ is the face
of (cNa’)V. Let oV N (B \ w;)*, o’ N (B \ v;)* be generated by y;, z; € M respectively. Note
that {y;,2; | 0 <j <s—1,1 <i <r}is a linearly independent set over R, otherwise, there
exist pj, ¢; € R such that

s—1 T
> i+ aE =0,
7=0 i=1

and then pairing with w; and v;, we get p; = ¢; = 0. Hence, y1 + 21 = y2 + 22 implies y; = y»
and z; = z9, and thus
Y2, -YoZy,=0€ 1+ J
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relation

IffEl,fEQEUL\I/\(agvﬂUIV) ifz; ¢ (BcY Na’V)\ {0} Ifz; =0

Same argument
Ste[ﬂ(— Step 3

Ys—i ¢ Forzz_; ¢ F

ys—i § Forzz_; ¢ F

contradiction

DONE

Figure 1: The flow chart for the proof.

]

Remark 3.1. The similar proof works on the local toric flips with general exceptional locus

S C Xy, as in!Re®3],

Corollary 3.1. Under the assumption in theorem 3.1, the normalization of the fiber product

X is X5, where Y is the coarsest common subdivision of ¥ and Y. Moreover, if ¥ and >’

satisfy the condition (1), then X,eq is already normal and X,.q = X

Proof: Recall that the integral closure of the semi-group ring C[S] in C[M] is C[S**'], where
S$%% is the saturation of S in the lattice M. Since u = > a;v; = Y bw;,

Rzo(.)( U yU Z) = UV + U,v = (O’m O'/)V,

and thus
Zso(XUYUZ)™ = (e No’)’ N M.

Moreover, the condition (1) implies that X UY U Z generate (¢ No’)Y N M, and thus X,eq = X5

is normal. n

4 The property about being reduced

In this section, we focus on the case of r = s = 1. Consider
U = agvy + a1v1 = bwy + wy,

where {vg, vy, w;} forms a basis of N = Z3 and b = ag +a; — 1. For the sake of convenience, let
Uij = U,, Xu, UU}. By Theorem 2.1, Theorem 2.2 and 3.1, we get that the following statements

are equivalent:
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(i) X = X5 X xy, Xsv is toric variety,
(i) X = X5,
(iii) X is reduced.

We intend to study when X is reduced. Since “being reduced” is a local property, we may

work on one affine piece.

Lemma 4.1. If g = ged(ap, a1) and a; = ga}, then the following statements are equivalent:
(iv) Upo is reduced.
(v) For all 0 < X < apa), there exists a non-negative integer y < \/ay such that
{9 }y = 9+ {A — agy}a;
where {n},, denotes the remainder of n divided by m.

vi) There exists a non-negative integer y, < b/a;, such that a/|(b — ayyo), or equivalently,
0 1 0
{9 — 1/&6},1/1 < b/ay.

Proof: For simplicity, we assume that vy, vy, wy = ey, e2,e3 and calculate the dual cone, as

illustrated in the following figure.

0

(b, 0, ap) (0,b,a) (—ai1,an,0)

Note that the coordinates in the figure only represent points on that ray, not that these six
points lie in the same plane. Now, we use the same notations in the proof of Theorem 3.1. We
can get that Uy is reduced if and only if X Y17, —X,Y57, € 14+ J with x1+y1+21 = x9+1y2+25.
The key point is that the generating set ) can be selected to be {y = (0,0, —1)}.

For any z € T' .= M N ({(0,1,0), (—a1, ap,0), (0,b,a1))+ \ {(0,1,0), (—ay,ap,0))y), it is
clear that 2/ =y + 2z € Zso(X U Z). If Uy is reduced, then YZ — Z' € I + J. Note that an

element in I + J containing the term Y is of the form

S (Y Xy = Xo) Y™ Zi+ YY" (X735 — XajZay),

) J
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where n;y + 21, = T2, T3+ 23, = Taj + Y, and ¢;, d; € C. Since YZ — Z' is not divided by
Y, we conclude that z € (ZsoX \ 0) + Z>oZ. Moreover, let zp = z € I and write zo = 21 + 2
where 71 € Z>oX \ 0 and 2, € Z>oZ. If z; € ', then we can again write 2y = 5 + 22 where
Ty € ZsoX \ 0 and zy € Z>¢Z. We keep doing this process until z;41 does not lie in I'. We
claim that this process will terminate. Otherwise, since the 2nd and 3rd coordinates of a lattice
point in Zso(X U Z) are non-negative integers, the 2nd and 3rd coordinates of {z;};>o form
two sequences of decreasing non-negative integers and thus will be stable. Similarly, the 1st
coordinates of {z;};>o forms a sequence of decreasing integer. Pick n € N such that {z;};>, has
the same 2nd and 3rd coordinates, which implies that z, + Zey C I' and contradicts the fact

that {z;};>0 is an infinite sequence. Hence we conclude that
I'c (ZZOX\O)+<(07170>7(_a17a0?0)>mM (4)

if Uy is reduced.

Conversely, we claim that if (4) holds, then Uy is reduced. We define
I =((0,1,0), (—az, ap,0)) N M.

For z € I', say z = x + 2" where € Z>oX and 2" € IV, let 2/ =y + 2 € Z>o(X U Z) and then
Z=(x+y)+ 2" I (v +y) ¢ Z>oX, then

z+y+ 2" €(((0,0,-1),(1,0,0), (0,1,0))

+ \ <(1 070)7 07 170))>+) + F/
g<(07 07 _1)7 (17 Ov O)a (_ala ap, 0)>

,0,0), (
+\((1,0,0), (—a1, a0, 0))+,
which contradicts to 2’ € Zso(X U Z). Hence 2’ ==z +y € Z>oX, and thus
X -XyYel,XZ"-2X7"-7'€¢] = YZ-Z7 e€l+J
Suppose that there exists a relation
T1+ My + 21 = 2o+ N2y + 29

such that X, Y™Z, — XoY™Z, ¢ I + J for some ny, ny > 0. We may assume that ny = 0
by eliminating min{nj,ny}y, and n; > 0 is the smallest integer such that the above relation
holds (note that ny # 0). We find that z; ¢ I', otherwise, we can replace the original relation
with 1 + (ny — 1)y + 2] = @2 + 29, where 2] = y + z;. By the same proof as above, we have
1 + iy € Z>oX, and thus XY™ Z) — XoZy € I + J (——).

After determining the equivalent statement for (iv), it suffices to show that I' C (Z>o X\
0) + I is equivalent to the condition (v). Note that I' C (ZsoX \ 0) + I is equivalent to
I C ZsoX +1". Given z = (—po,p1,q) € I, that is, pg > 0 ¢ > 0 and a;p; > agpo + bg, we
want to find a lattice point 2 = (—«, 8,0) € IV such that z — 2" = (o — po,p1 — B, q) € Z>o X,
that is, there exist a;, § > 0 such that

a1 > apa, 0 > po, B < pi, k= —agpo + aipr — bg > a1 — apar. (5)
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Note that if (o, ) satisfies (5), then (a, [“2%]) satisfies (5). Thus, (5) is equivalent to the

existence of an integer «a € [pg, a1p1/aog) such that

ap
k> a [&L—‘ —apx = g - {—agatar.
1

Hence, I' C ZsoX + I" is also equivalent to the statement that for all py,qo > 0 such that
aypr > agpo, we have
a1p
P(po,qo) : 3po < a < % such that {g(a\p1 — agpo)}s > g {—a()oz}a/l.
0
Note that if a1p;/ag — po > af, then there exists an integer o € [po, a1p1/ag] such that af|c,
ensuring that the above inequality holds. Therefore, we only need to check it for A := a{p; —
agpo < ajay. We take g, z1 € N such that ayzo — ajzqy = 1. Since P(po, qo) holds if and only
if P(po + ay,p1 + aj) holds, we only need to check that (po, qo) = (Axg, Azq) for 0 < A < afal.

Let a = Axg + y. Clearly, P(Azg, Az1) can be reformulated as

ay - Axy

A
J0<y< — Axg = — such that {gA}y > g {—ag(Azo + y)}ar = g {\ — agy}ar-
ag

Qo

This proves that (iv) <= (v).

For (v) = (vi), simply by taking A = b.

For (vi) = (v), let X\ = pb + q(ag + a}) + r where

0<¢g<g-land0<r<ay+a)—1—0d,4-1.
We take y = pyo + ¢ < pb/ay + g < A/aj, and get that
{92 b ={gr + q}y = gr + ¢,
since gr +q < g(af + a} — 1) + g — 1 = b and the equality will not hold. On the other hand,
{A = agyta;, = {p(b — agyo) + qag + 1 — qagta; = {r}a;-

Hence
{92\ =gr +b > g{r}a, = {A — aqpyta;-

Remark 4.1. Note that the condition (vi) is equivalent to that
yo, y1 € Z>o such that b = agyo + ajys, (vi’)

so the condition (vi) is symmetric in a; and a}, that is, Uy is reduced if and only if Uy is

reduced.

By the elementary number theory, if b > (aj — 1)(a} — 1), then the condition (vi’) will

hold. According to the theorem below, in this case, the fiber product X is a toric variety.

It is clear that if (ag, af, + a)) satisfies (vi’), then (ay, a}) also satisfies (vi’). In other word,
if (ag,a}) does not satisfy (vi’), then (ag,ay + a}) also doesn’t satisfy (vi’). Hence we can
construct the fiber product X, which is not a toric variety in this case; for example, taking
(ap,a1) = (3,5 + 3n) for n € N.
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The main result of this section is the following theorem.

Theorem 4.1. X is reduced if and only if Uy is reduced.

Before giving the proof, we have to show the following lemma.

Lemma 4.2. If 7 : X — Xy, and .7 is the nilradical ideal of Oy, then
7. = Rm,.% = Rn,0x =0

for all ¢ > 0, and m.Ox = Ox,,. Similar statement holds for 7’ : X — Xy.

Proof: Since 7 is a proper morphism with fiber dimension < 1, by the formal function theorem,
Rim,.% = Rin,.Ox =0 for all i > 1. For 7 = 1, it suffices to show that

HY (7 Y(Uy,), #) = H' (" (Us,), Ox) = 0, for j = 0,1.

Since 7! (U,,) is covered by { Uy, = U,, xu, Uy } so1r DY Cech cohomology, it suffices to show
that

H(Ujo, ) ® H(Uj1, 9) — H(Ujo N Uj1, I ) = H(U,, xu, Ustor, &) (6)
H°(Ujo, Ox) ® H°(Uj1, Ox) — H*(Ujo N Uj1, Ox) = H(Uy; xu, Ugoy, Ox) (7)
are surjective.
By the relation agvg + a1v1 = bwg + wy, we have (o, N a})¥ = ;" Uo,Y, and thus
0 — Cloy' Na,' N M] — Cloy’ N M] @ Clo,Y N M] — C[(o)Na})¥ N M] — 0. (8)

Since (7) is equal to the last morphism in (8) tensoring Clo; N M] over Clo¥ N M], we conclude
that (7) is surjective.

Using the same notation in the proof of Theorem 3.1, let
oV N M =ZsgX, o) "M =Zso(XUY), 0/ N M = Zso(X U Z),

and let I, Ji., K be the toric ideals of X UY, XU Z,, XU Z,U Z; respectively. According to the
proof of Theorem 3.1, /I + K is the “toric ideal” of X UY U ZyU Z;. Hence vI + K /(I + K)
is generated by YoZy — Y171, where y; € Z>oY, 2z; € Z>o(X U 25U 2Z4).

If 29,21 € Z>o(X U Z) for some k € {0,1}, then Yy Zy — Y171 € VI + Ji/(I + Ji) maps
to YoZy —Y1Z1 e VI+ K/(I + K).

If not, we can assume that z; € Z>o(X U Z;) and then
Yo+ 20 =y1+ 21 € (o}’—i—aév)ﬂ(ajv+a/1v)ﬂM:ijﬂM:ZZO(XUJJ),

say Yo + 20 = Y1 + 21 = Y2 + X2, Where yp € Z>o) and xp € Z50X. We have that

(YoZo — Y2 X0, Y121 — Yo Xo) = YoZo — Y124,
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so (6) is surjecitve.

Note that
0— m.? — m0x — m0x,., — R'n.7 =0. 9)

By Corollary 3.1 and the proof of Theorem 2.2, X,.q = X5 is integral. By the proof of Zariski
main theorem inM™ 7 Oy = O, . By functoriality, the morphism between structure

sheaves Ox,, — m.Ox gives a lifting of (9), and thus the short exact sequence (9) splits.

Now the remaining part is to prove that m,.# = 0. By definition and R'7,Ox = 0, we
have
0— Ox(r'Us,) — Ox(Ui) ® Ox(Upy) — Ox(Us, xy, Ustnoy) — 0,

or rewrite it as
0— Clo; "M] @ ['(1..7,U,,)
— (C[O’zv N M] QclovnM] (C[o’é\/ N M] @D (C[o'll\/ N M])
= Cloy N M) ®cpovan Cl(og Nop)Y N M) — 0. (10)

From the long exact sequence induced by (8) ®@cjyvnng Cloy” N M], the kernel of « is

Clot 1 M) /1y (xS ™ (€ 1 o1)¥ 0 ML Elo¥ 1) — Ll 1 M)
So we can conclude that I'(m,..#, U,,) = 0. Hence W*f|Udi =0fori=0,1, thatis, r,.# =0. [

Proof: (of Theorem 4.1) Suppose that Uy is reduced. By Remark 4.1, Uyq is also reduced,
and thus

Supp . C (Z X5 Z")rea \ (Uoo U Urg) = (7') "' (p),
where p is the unique point in V(of N o}) \ Uy = V(0}). Note that (Z Xg Z')rea = P' x P!,

and 7|p1ypr and 7'|p1p1 are projection onto each component. We take a section s : Z = P! =
(') (p)rea = P! such that mos = idy. Let F = (s71)./7'. be the sheaf on Z, where
! (7)7H(p)rea — X. Since £ has the support on (7')7}(p)req and by Lemma 4.2, we have

1T =l s, (s =71, =0,

where ¢ : Z — Xy. This implies .% = 0, and thus .# = 0, i.e., X is reduced. [
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